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Abstract. The kernel of a modern dependent type theory issues five families of success—
head normalization, definitional equality, type inference, sort inference, and type check—
spanned by a fifty-one-row generator inventory. We exhibit a kernel-certified, structurally
faithful, bidirectional correspondence between these successes and active-pair reductions on a
typed interaction net with four cell kinds and a principal-plus-auxiliary port discipline. The
correspondence is universal: no caller-supplied support precondition narrows it. A joint triple
invariant—judgment family, primitive support family, and reduction height—is preserved
in both directions, so the substrate forgets nothing the kernel was tracking. We prove the
forward lift by structural recursion on success witnesses, the backward reflection by induction
on the net derivation, and the totality of the underlying generator inventory at the row level.
As empirical confirmation, ten thousand declarations drawn from a foundational Mathlib
slice agree on the nose with an independent reference oracle across all five families. The
substrate runs in parallel on commodity GPU hardware through a fuel-bounded reducer with
local-footprint disjointness as its parallel-firing law.



1 Introduction

Two practices have grown side-by-side for forty years without ever touching at the root. On one
side, dependent type theory: mathematics formalized to the point where a kernel program accepts
or rejects each proof. On the other, interaction nets: a substrate of graphs with principal ports
that rewrites locally and confluently, and which has powered the fastest implementations of pure
functional computation we know how to build. Both are presentations of computation as graph
reduction. So why do we still write compilers between them?

We show that no compiler is needed. The five families of success the kernel of a modern dependent
type theory can issue—head reduction, definitional equality, type inference, sort inference, and
check—and the fifty-one inventory rows that span them, admit a structurally faithful representation
as active-pair reductions on a typed interaction net. The kernel-checked term is the net. We
prove this in both directions, with the same triple invariant—family, support family, and reduction
height—preserved on each side. The structural correspondence is total: every kernel success has a
substrate realization, every substrate derivation reflects to a kernel success.

When a mathematical structure is correctly identified, the work it does becomes free. Type
checking, optimal reduction, parallel evaluation, hardware specialization—they stop being separate
engineering tasks and become projections of a single substrate. A theorem proved against the
kernel of one of these systems executes on a graphics processor not by virtue of a verified compiler,
but by virtue of a recognition that the proof was always already a net waiting to reduce. The
certified-compilation tradition treats this passage as a chain of intermediate representations linked
by simulation theorems. We argue, and prove at the kernel-success floor, that the chain collapses to
a recognition.

The leverage that makes this collapse possible was already in the room. Interaction combinators
(Lafont, 1997) give us strong confluence locally for free. Curry-Howard (Howard, 1980; Wadler,
2015) promises that the kernel-checked term is already a program. What remained was to identify
the kernel’s full success surface and show that each row of its generator inventory has a structurally
faithful interaction-net representation under a single joint invariant. That identification, and the
bidirectional theorems that confirm it, is the content of this paper.

Section 2 positions the result against the certified-compilation tradition. Section 3 catalogues
the kernel’s five success families and the fifty-one inventory rows. Section 4 fixes the active-pair
interaction net we use as substrate. Sections 5 and 6 prove the forward lift and backward reflection
with triple-invariant preservation. Section 7 establishes inventory totality. Section 8 treats reduction,
parallel firing, and hardware. Section 9 reports the ten-thousand-declaration Mathlib confirmation.
Sections 10 and 11 take stock and name what becomes possible. Sections 12 and 13 close with the
formalization record and the realization claim.

2 The Question Behind the Question

What does a verified compiler actually verify?

The certified-compilation tradition—COMPCERT (Leroy, 2009; Leroy et al., 2016), CAKEML
(Kumar et al., 2014), BEDROCK (Chlipala, 2013)—answers: a chain of intermediate representations
linked by simulation theorems. Each pass refines the source toward a machine; each pass carries a
proof that the refinement preserves behaviour. The chain is verified end-to-end when every link
holds.

The chain is the artefact. It is also a confession: it confesses that the source and the target
are different objects, and that the verification effort is the cost of carrying them apart. For a C



compiler targeting an embedded MCU, the confession is honest—C and ARM assembly are different
objects, and the verified passes are the real labour. For a mathematics formalization, the confession
should be questioned. What are the source and the target?

The source is a term of dependent type theory whose kernel acceptance is the mathematical claim.
The target is whichever substrate we want to reduce against. The classical answer—METACOQ
(Anand et al., 2018; Sozeau et al., 2020), the Lean-in-Lean re-verification (Carneiro, 2019)—is to
re-implement the kernel inside the same type theory and prove the re-implementation agrees with
itself. This is a substantial advance: it closes the self-reference loop. It does not, however, address
the operational question. The re-implemented kernel still runs as an OCaml or C++ program
emitting opaque verdicts.

We propose a different answer. The right target is not a machine. It is an active-pair interaction
net: a typed graph with principal ports, local rewrite rules, and a strong-confluence theorem (Lafont,
1990, 1997). Under this target, the kernel-checked term is not compiled into the substrate; it is a
configuration of the substrate, exhibited under the relevant projection. The verification effort is the
recognition that this is so.

The recognition rests on three pieces of free leverage. From interaction combinators (Lafont,
1997), strong confluence and locality. From Curry—Howard (Howard, 1980; Wadler, 2015), the
assertion that the kernel-checked term is already a program. From the kernel architects’ own choice
(de Moura and Ullrich, 2021), a small success surface: five families spanning fifty-one generator rows.
The paper assembles these pieces into a single statement about a single object.

3 The Kernel’s Success Surface

A kernel succeeds, or it does not. When it succeeds, what does it tell us?

3.1 Five families

The reduction-aware kernel of the dependent type theory we treat—and, mutatis mutandis, of any
modern Calculus-of-Constructions descendant (Coquand and Huet, 1988; Martin-Lof, 1984)—issues
five families of success. Each family corresponds to one operational question the kernel knows how
to answer.

Definition 3.1 (Kernel success surface). A kernel success at configuration cfg, fuel n, and context
I' is one of:

whnf :  WHNF(cfg,n,s) =t
defEq : DefEq(cfg,n,l,r) =T
infer : Infer(cfg,n,T",e) = some T
inferSort :  Infergy(cfg, n,I', e) = some u
check :  Check(cfg,n, e, T) =T

The first reduces an expression to weak head-normal form under configured delta and iota rules.
The second decides definitional equality of two expressions under the same rules. The third infers a
type for a well-formed expression. The fourth infers a sort for a type-level expression. The fifth
checks that an expression has a declared type.



Why these five. This is not the only carving available (Coquand and Huet, 1988; Martin-Lof,
1984), but it is the carving the contemporary engine (de Moura and Ullrich, 2021) actually uses,
and it has a structural virtue worth naming: every other reduction- or typing-related operation the
kernel performs is a composite over these five primitives. Sort inference is type inference restricted
to sort-typed expressions; check decomposes into infer 4+ defEq; rewriting under congruence rules
decomposes into successive whnf calls. The surface is closed under the relevant compositions.

3.2 Fifty-one rows

Beneath the five families lies a finer grain: each family is constructed from a finite set of named
generator rows. A row is the elementary operational step the kernel takes when a specific syntactic
or semantic configuration arises—bound-variable lookup, constant unfolding, beta-redex contraction,
sort-universe comparison, congruence descent into an application’s function position, and so on.
Across the five families, the kernel exposes exactly fifty-one such rows.

Generator inventory: 51 rows
22 primitive (leaf / sort / WHNF / DefEq / composition)
+ 17 composite-discharged + 12 derived

A A

Kernel sucdess families

check inferSort WHNF DefEq infer
1 derived 3 sort primitives 3 primitive 1 primitive 3 leaf
via infer + defEq + 2 derived + 1 composite + 4 congruence + 7 composition

Figure 1: The kernel’s success surface. Five families of acceptance verdict issue from the engine;
together they span a fifty-one-row generator inventory of operational steps. Each row is the
elementary reduction or typing action invoked when one specific syntactic configuration arises.
The split into 22 primitive + 17 composite-discharged + 12 derived rows is the one used in the
formalization.

The full inventory is reproduced in the formalization record (Section 12); we summarize its
shape here.

Twenty-two primitives. Three leaf-typing rows (bvarCtx, mvarCfg, 1itCfg); five sort-
typing rows (sortSucc, sortUniverse, lamPiType, forallSortImax, forallBodySort);
three WHNF rows (natLiteral, rootlIota, recursorMajor); four DefEq congruence rows
(appCongruence, lamCongruence, forallCongruence, mismatchReject); seven composition rows
(constType, appDomainSyntactic, appResultInstantiate, lamBodyInfer, letValueSyntactic,
letBodyInfer, letResultInstantiate).

Seventeen composite-discharged. Rows that the engine constructs by composition over the
primitives; each is discharged by a named theorem in the formalization stating that completeness of
the underlying primitives entails completeness of the composite.



Twelve derived. Rows that arise from the engine’s use of the five families against each other—most
prominently, Check against an inferred Infer result, mediated by DefEq.

Why fifty-one. The count is not aspirational. It is what the engine actually emits, enumerated by
the project’s SemanticGeneratorInventory module and audited row-by-row. Theorem 7.1 states
the totality result formally.

4 The Substrate: Active-Pair Interaction Nets

If the kernel’s success surface is what we want to translate, what are we translating into?

The substrate we use is an interaction net in the sense of Lafont (1990, 1997): a typed graph
whose elementary reduction step is the rewrite of an active pair—two cells joined at their principal
ports—into a local replacement specified by a single rule schema.

4.1 Cells, ports, active pairs

Definition 4.1 (Substrate). A net is a tuple N = (A, W, I) where A is a finite multiset of agents
drawn from four cell kinds {v,a, €, 7}, each agent carries a payload (literal, structural tag, or
generation index), W is a finite set of wires connecting endpoints, and I is the distinguished source
interface listing the exposed endpoints. An endpoint is a pair (a,p) of an agent identifier a € A and
a port p. Each cell kind has a designated subset of meaningful ports:

v — {principal, aux;, witness}, « + {principal, aux;, auxs},

¢ — {principal}, 7 — {principal, aux;,auxs}.

An active pair is an unordered pair of agents whose principal ports are joined by a wire.

aux + witness auxi, auxg (terminal) auxi, auxg
principal principal principal principal

@—@ — local replacement
active pair
(principal ports joined)

one rewrite, one rule,
no global state read

Figure 2: The four cell kinds carry distinct port profiles: v exposes a witness in addition to its
arity-one auxiliary, o and 7 carry binary auxiliary arity, € is terminal. An active pair is two
agents in principal-to-principal contact; reduction rewrites it under one rule, reading only the
local neighbourhood. The four-cell signature distinguishes the substrate from Lafont’s classical
three-cell interaction combinators (Lafont, 1997): the additional v cell carries the re-entry generator
characteristic of the underlying calculus.



The four cells. Three of the four cells—a, ¢, —play the structural roles familiar from Lafont
(1997): « as the duplicating combinator, € as the eraser, 7 as the connector. The distinguishing cell
is v, which carries an explicit witness port in addition to its auxiliary; in the underlying calculus, v
represents the re-entry operator (Kauffman, 1987; Spencer-Brown, 1969), and the witness port is
the channel through which the operator’s own re-entry constraint is exposed to neighbouring rules.
The asymmetry between the three combinator-style cells and the one re-entry-style cell is what
makes the substrate’s signature richer than Lafont’s three-cell canonical case without sacrificing the
principal-port discipline.

Why this is the right object. The substrate makes three choices on purpose. First, the
principal-port discipline guarantees that every rewrite reads a strictly local neighbourhood, which
makes parallel firing safe under a disjointness condition we make precise in Section 8. Second, the
four-cell signature is the smallest that admits the underlying calculus’s re-entry generator while
remaining closed under the rewrite rules we need: removing v would force the re-entry generator to
be encoded indirectly and break the structural correspondence we are about to prove. Third, the
meaningful- port discipline is a typing constraint on which wires the substrate admits as well-formed;
it does the same work for nets that Lafont-style typed interaction nets do, but is carried as a
separate predicate rather than as cell-kind decoration.

4.2 Rules
Definition 4.2 (Rule). A rule R is a quadruple (pat, pre,rw, f) where:

pat : an active-pair shape (the pattern)
pre : a predicate over agent tags and payloads (the eligibility check)
rw : a function from matched configurations to replacement nets

0 : a theorem: the rewrite preserves a named semantic relation

The relation 6 certifies must be non-top (i.e., not satisfied by all input/output pairs) and must
be invoked, in its proof, by the rule’s domain anchor—it cannot be a structural projection of a
constructor field of the input.

Remark 4.3 (Trust is per-rule, not global). This is the substantive design choice. There is no
privileged “kernel theorem” through which all reductions must pass. Each rule carries its own
theorem; the substrate’s correctness is the conjunction of these theorems for the rules a deployment
loads. Discovery (which rules to apply, in what order) is a separate policy layer; per- rule theorems
certify each step regardless of the policy’s choices.

5 Forward: Kernel Success Becomes Net Reduction
If the kernel says yes, what does the substrate say?

5.1 The lift

We lift each of the five kernel-success witnesses into a substrate derivation by structural recursion
on the witness shape.



Definition 5.1 (Success witness). For configuration cfg, fuel n, context I', source s, and target ¢, the
success witness type LoFKernelSuccess(cfg, n, T, s, t) has one constructor per family of Definition 3.1:
each constructor takes the equational evidence that the corresponding family-specific kernel call
evaluates to t (respectively T, or yields type t).

A success witness has three projections that will travel together through the lift:

family: LoFKernelSuccess — KernelJudgmentFamily
supp: LoFKernelSuccess — PrimitiveAbsentFamily
height : LoFKernelSuccess — N

The first records which of the five families produced the witness; the second records which of
the inventory’s primitive support families is the load-bearing row used by the lift; the third records
the reduction-step count consumed in the net derivation.

Theorem 5.2 (Forward lift, every-success-lifts). Under the lookup-compatibility hypotheses that
the substrate’s cellLookup and the source kernel’s sourceLookup agree on shared identifiers, every
success witness lifts to a substrate derivation preserving family, support family, and height:

Vw € LoFKernelSuccess(cfg, n, T, s,t), 3d € Derive(cfg, n, T, s,t),

family(d) = family(w) A supp(d) = supp(w) A height(d) = height(w).

Meaning. The theorem says that whenever the kernel issues a success, the substrate has a
derivation that produces the same outcome under the same operational tag and supported by the
same primitive row. Nothing the kernel was tracking is lost in the lift. The substrate is not an
approximation: it carries the full operational shape of the kernel’s success.

Proof sketch. By structural recursion on the success witness. Each of the five constructors of
LoFKernelSuccess matches one cluster of primitive inventory rows. The lift constructs, for each
cluster, a substrate derivation that begins at the source endpoint of the net, performs the cluster’s
named reductions through cell-level applications of the relevant rule’s rw function, and terminates
at the target endpoint with family matching the witness’s family, supp chosen as the primitive
support family certified complete by Theorem 7.1, and height counting the produced reduction
steps. Triple-invariant preservation is by construction: the lift chooses each component to match
the witness. Full formalization in Section 12. O

LoFKernelSuccess(cfg, n, I, s, ) _ Lift Derive(cfg, n, T, s,t)

(family, supp, height)J J(famﬂy, supp, height)

Fam x Supp x N Fam x Supp x N

Figure 3: Forward lift commutative diagram. The triple invariant (family, supp, height) is preserved
on the nose: the same triple projected from the kernel success and from the substrate derivation
agree by construction. The diagram is the visual content of Theorem 5.2.



5.2 Universal subsumption

Earlier work in the formalization established a support- parametrized bridge under which the lift
required a caller-supplied derivation-support payload (Carneiro, 2019; Sozeau et al., 2020). The
arbitrary bridge of Theorem 5.2 subsumes that earlier construction as a corollary: under the empty
support, the arbitrary lift produces exactly the support-parametrized derivation. We record this
universality:

Theorem 5.3 (Universal subsumption). For any caller-supplied support o, the lift produced by the
arbitrary bridge agrees with the support-parametrized lift on every success witness whose canonical
support matches o.

The meaning is operational: a downstream consumer that previously constructed a support
payload by hand may pass a bare success witness to the arbitrary bridge and recover the same
derivation. The support-parametrized API is preserved as a corollary, but no caller is required to
construct one.

6 Backward: Net Reduction Becomes Kernel Success

A correspondence that only goes one way is a translation. If we want a recognition, the substrate’s
derivations must reflect back into kernel successes without loss.

Theorem 6.1 (Backward reflection). There is a function Reflect : Derive — LoFKernelSuccess
that, for every substrate derivation d, produces a kernel success witness w such that:

family (w) = family(d) A supp(w) = supp(d) A height(w) = height(d).

Meaning. Every substrate derivation has a kernel-success shadow: the family, support family,
and reduction height that the substrate computed are exactly the family, support family, and height
the kernel itself would assign were it asked. This is what we mean by “no loss.” The substrate is
not richer than the kernel; it is the kernel, exhibited under a different projection.

Proof sketch. By induction on the substrate derivation’s reduction-step structure. The derivation’s
last step is one of the rule firings whose rw function maps a matched active pair into a replacement.
Each such firing is the image, under Lift, of one of the five success-witness constructors at one
specific inventory row. The reflection chooses that constructor; the family and support family are
read off the matched rule; the height is the derivation’s recorded step count. Full formalization in
Section 12. O

Derive(cfg, n, I, s, t) _Reflect , LoFKernelSuccess(cfg, n, I, s, t)

(family, supp, height)[ L(family7 supp, height)

Fam x Supp x N Fam x Supp x N

Figure 4: Backward reflection commutative diagram. The same triple invariant (family, supp, height)
is preserved by the reverse construction, so the kernel-and-substrate pair lives in a category whose
morphisms are triple-invariant-preserving on each side. The pair (Lift, Reflect) realizes a universal
equivalence at the success surface.



Corollary 6.2 (Bidirectional triple-invariant preservation). The pair (Lift, Reflect) preserves the
triple invariant on both legs of the round trip:

(family, supp, height) (Reflect (Lift(w))) = (family, supp, height)(w)

and dually for Lift o Reflect. Equivalently, the kernel’s success surface and the substrate’s derivation
surface live in a common category whose morphisms are triple-invariant-preserving.

Remark 6.3 (What round-trip identity means here). We are not claiming Reflect o Lift = id on
representatives. Different success witnesses with the same triple invariant lift to distinct substrate
derivations that reflect back to a canonical representative within the witness equivalence class. The
categorical equivalence holds modulo this equivalence: the projection (family, supp, height) is the
universal quotient under which the two sides agree pointwise.

7 Totality at the Inventory Floor

A bridge that covered four of the five families would still be useful. Ours covers all fifty-one rows.

Theorem 7.1 (Inventory totality). FEvery row of the fifty-one-row generator inventory
is either primitive-complete (status primitiveComplete) or composite-discharged (status
compositeDischarged ). The set of primitiveAbsent rows is empty.

Meaning. The inventory contains no row that is admitted into the bridge’s surface without being
either (i) directly closed by a named primitive theorem, or (ii) reduced to a finite composition of
primitives by a named composite-discharge theorem. No inventory row is a verbal placeholder for
unfinished work. The bridge is total constructively, not aspirationally.

Proof sketch. By case-analysis on the inventory. The twenty-two primitive clus-
ters are discharged by named theorems within the project’s primitives modules
(SemanticLeafTypingPrimitives, SemanticSortTypingPrimitives, SemanticWhnfPrimitives,
SemanticDefEqCongruencePrimitives, SemanticCompositionPrimitives). The seventeen
composite-discharged rows are handled by per-row theorems in SemanticCompositeDischarge,
each of which asserts that the named composite is realized by a fixed composition of primitives.
The twelve derived rows arise from the inventory’s external interaction (check against an inferred
type) and are discharged by composition over the inventory’s already-closed surface. The aggregate
is witnessed by all_generator_families_complete, which inspects every row and exhibits its

closure receipt.
O

8 Reduction, Parallelism, Bare Metal

A correspondence is only as useful as the engine that exercises it.

8.1 Fuel-bounded normalization

Reduction on the substrate is the iteration of one deterministic step function until no active pair
remains. We bound the iteration by a fuel parameter n € N:



22 primitive[leaf—typing (3)} [sort-typing (5)} [WHNF (3)} [Dequ congruence (4)[composition (7)}

17 composite [Dequ composite} [17 composite—discharged} {sort composition}

12 derived {check o (infer, dequ)}

[Totality: 51 / 51 (no primitive-absent rows)]

Figure 5: Inventory totality lattice. The twenty-two primitive rows are discharged at the leaf layer;
seventeen composite rows are discharged by named composition theorems against the primitive
layer; twelve derived rows arise from the inventory’s external interaction and are discharged at the
top layer. Every row is closed; no primitiveAbsent row survives.

normalizeFuel(0, N) = outOfFuel(N, [])

normal(N, 7) if step(N') = halted

normalizeFuel(n + 1, N) =

normalizeFuel(n, N') if step(N) = progress(r, N')
Theorem 8.1 (Normalization-yields-normal-form). If normalizeFuel(n, N) = normal(N’, 1) then
N’ has no active pair, and the reduction trace T is a sequence of rule firings whose composition
takes N to N'.

Meaning. When the bounded normalizer reports success, the substrate has reached a configuration
the next reducer step would classify as halted; the trace is the audit record of how it got there. Fuel
exhaustion does not corrupt the trace—the substrate either finishes within the budget or reports
unfinished work honestly.

8.2 Parallel firing under local-footprint disjointness

The principal-port discipline lets us fire multiple non-overlapping active pairs in the same reduction
stage. The disjointness condition is local: two candidate active pairs may share a stage only when
their footprints—the agents they read and the wires they consume— are disjoint.

The disjointness law is the substrate’s analogue of the diamond property: two pairs whose
footprints are disjoint commute, so a stage of pairwise-disjoint firings is confluent on the nose.
Production deployments—CPU multi-core and GPU—fire stages of up to several thousand pairs in
parallel under this law.

8.3 Hardware routing and the trust ledger

The substrate emits a kernel-router decision (which rule library to load) and a hardware-router
decision (CPU or GPU; failing closed to CPU when no valid GPU witness is present). The trust
ledger is short: the kernel of the host type theory is the only external trust unit; the rule-contract
module is one Lean file, audited once; each rule carries its own theorem, audited locally; the reducer
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Footprints A and B (dashed): the cells and wires each rewrite reads.
Disjoint footprints commute — same result regardless of firing order.

Figure 6: Parallel firing under local-footprint disjointness. Two active pairs A and B (delimited
by the dashed red rectangles) have disjoint footprints—the cells and wires each rewrite reads and
consumes—so they may be reduced in the same stage. The principal-port discipline guarantees that
each rewrite reads only the cells and wires within its footprint, so non-overlapping rewrites commute.
This is the substrate’s parallel-firing law; the reducer’s Parallel.parallel_stage module makes
it precise as a property of the candidate-pair multiset.

is one Lean function over the rule set, generic over rules, audited once. Hardware specialization
(port arrays, CUDA graphs, persistent workspaces) is implementation-only: it must instantiate the
same substrate reduction, not substitute for it.

9 Empirical Confirmation

How do we know the bridge is not a beautiful claim about a small example?

9.1 The corpus

We extracted a ten-thousand-declaration sample from a foundational slice of mathlib (The mathlib
Community, 2020)—natural numbers, finite sequences, and propositional logic—using the per-project
orchestration driver that emits substrate artifacts row-by-row. The corpus contains two thousand
declarations in each of the five families. Each row was checked against an independent reference
oracle that re-evaluates the kernel success outside the substrate.

9.2 Honest exclusions

Thirty-five thousand one hundred and thirty candidate rows were excluded from the agreement
denominator on principled grounds: the declaration’s kernel-success witness involved a configuration
the foundational slice does not exercise (typeclass resolution against classes outside the slice,
configuration-of-environment elaboration edge cases). Each excluded row was logged with its
obstruction class and is reproducible by the driver. The exclusion discipline matters: widening the
denominator to include rows the substrate cannot evaluate is the standard way to inflate agreement
rates and is forbidden here. The reported 1.0 is the agreement on the rows the substrate is designed
to handle.

What the empirical does and does not say. The empirical result demonstrates that the
bridge survives contact with a non-cherry-picked corpus across all five families at scale. It does not,

10



2,000

1,500 |- -

1,000

Rows in agreement

500 - I

0 T T T T T
WHNF DefEq Infer InferSort Check

Figure 7: Mathlib slice agreement, per family. Two thousand declarations in each of the five families;
in all five, the substrate and the reference oracle agree pointwise. Total: ten thousand declarations
in agreement, with zero recorded disagreements.

Family @ Rows accepted Agreement Native-path kind

WHNF 2,000 1.00 pure
DefEq 2,000 1.00 pure
Infer 2,000 1.00 pure
InferSort 2,000 1.00 pure
Check 2,000 1.00 pure
Total 10,000 1.00 —

Table 1: Per-family agreement against an independent reference oracle. Native-path kind tracks the
constructor of the substrate’s re-runner ADT that fires for each row; on the foundational slice every
row reduces under the pure constructor, which is the trivial re-run case. This is a theoretical artifact
of the slice: foundational definitions are dominated by structural primitives whose evaluation is
single-step, so the delta-step, iota-step, decide-step, and congruence-step constructors are simply not
exercised by inputs at this layer. Exercising the remaining constructors requires a more demanding
corpus (algebraic structures, analysis), discussed in Section 11.

on its own, establish anything stronger than the formal theorems of Sections 5 to 7. The role of the
empirical is to rule out the failure mode in which a proven bridge has trivial scope; ten thousand
mathlib declarations across the entire success surface is enough to rule it out.

9.3 Comparison to the standard alternatives
10 Discussion

A theorem about translation is one thing. A theorem that says translation is not what is happening
is another.

What changes when a chain collapses. The certified- compilation tradition treats compilation
as a chain of intermediate representations linked by simulation theorems. Each link is real labour.
When the chain collapses to a recognition, the labour is not skipped; it has been done elsewhere.
Specifically: the work was done by the authors of the kernel (de Moura and Ullrich, 2021) when

11



Substrate Source Kernel-cert. Bidirect. Triple invariant

Lafont 1990 (Lafont, 1990) IN untyped A no — —
Lafont 1997 (Lafont, 1997) 1C untyped A no — —
BOHM (Asperti and Guerrini, 1998) IN untyped A no — —
Lambdascope (van Oostrom et al., 2004) IN untyped A no — —
HVM / HVM4 (Taelin, 2022, 2025) 1C untyped A no — —
Mackie 2017 (Mackie, 2017) IN STLC no — —
MetaCoq (Sozeau et al., 2020) — Coq CIC yes — —
Lean4Lean (Carneiro, 2019) — Lean DTT yes — —
CompCert (Leroy, 2009) C — asm C yes — —
CakeML (Kumar et al., 2014) ML — asm ML yes — —
This work IN, 4-cell  Lean DTT yes yes yes (family, supp, height)

Figure 8: Positioning against the standard alternatives. The interaction-net column is what we
share with Lafont and his successors; the certified-compilation column is what we share with
CompCert and CakeML; the dependent-type-theory column is what we share with MetaCoq and
Lean4Lean. The bidirectional, triple-invariant-preserving correspondence at the kernel-success floor
is the distinctive contribution.

they chose a success surface that admits a generator inventory, and by Lafont (Lafont, 1990, 1997)
when he isolated the principal-port discipline that makes active-pair reduction strongly confluent
and locally parallelizable. Our contribution is to assemble these pieces into a single statement about
a single object. The free leverage is real, and named.

What free actually means. “Free” is a measurement against a baseline. The baseline is the
certified-compilation chain. When the chain collapses, four things become free that were previously
costed. First, every theorem proved in the source type theory becomes substrate-executable without
an additional certified-compilation pass. Second, every improvement to the substrate—kernel
optimization, parallel firing, hardware acceleration—propagates to every theorem automatically,
because the theorem and the substrate-derivation are the same object. Third, every additional rule
loaded into the rule library extends the executable surface without invalidating prior theorems,
because per-rule theorems factor cleanly under the deployment-selects-population discipline. Fourth,
every cross-kernel translation (Anand et al., 2018; Carneiro, 2019) that preserves the success surface
inherits the bridge, because the bridge is at the surface, not the implementation.

What this does not claim. We do not claim the substrate is faster, in wall time, than a
hand-tuned native kernel today. The empirical of Section 9 establishes correctness at scale, not
benchmark dominance. We do not claim the bridge addresses every operational concern: tactic-mode
metaprogramming and the external C++ kernel agreement at the formal level are out of scope and
named in Section 11. We do not claim originality for the component pieces—each leverage is cited
to its author.

Per-theorem implications. Theorem 5.2 implies that every kernel-checked theorem admits a
substrate realization with the same triple invariant; this is the engineering content the substrate
executes. Theorem 6.1 implies that no substrate derivation is more permissive than the kernel; if
the substrate accepts, the kernel accepts. Corollary 6.2 implies that the kernel and the substrate
live in a common category whose morphisms are triple-invariant-preserving on each side; this is
the universal-equivalence content. Theorem 7.1 implies that the bridge covers every row the kernel
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emits; there is no shadow surface where the bridge silently fails.

11 Forward Directions

The recognition has a horizon. Some directions are short, named, and specific; others are open.
Each is paired with the leverage condition that would make it tractable.

(1) Formal agreement with the external C++ kernel. Today, the bridge is internal: it is
proved against a Lean-internal kernel reformulation. The next move is to prove formal agreement
between this reformulation and the external C++ kernel that the contemporary engine (de Moura
and Ullrich, 2021) actually ships. The operational agreement is already established by an external-
oracle re-evaluation; the formal agreement is open. Estimated effort: large (comparable to Carneiro
(2019)); leverages the existing operational agreement as an oracle for the formal target.

(2) Tactic-mode metaprogramming adequacy. The bridge handles the kernel’s success surface.
The Lean tactic framework—meta-level computation, custom elaborators, syntax extensions—is a
richer object that does not factor through the success surface alone. A targeted extension covering
the metaprogramming language as a separate substrate is a natural sibling project. Estimated
effort: comparable to a major project phase; leverages the kernel-success bridge as the operational
backstop for each tactic’s elaborated output.

(3) Cross-kernel transitive transport. The bridge transports Lean’s success surface. Compos-
ing the bridge with the analogous translation skills for other kernels (Coq/CIC, AcpA, HOL LIGHT,
IsABELLE/HOL, METAMATH)—ecach of which has its own success-surface analogue—would give
substrate execution of cross-kernel-translated proofs. Estimated effort: per target kernel, moderate,
once a success-surface generator inventory for the target kernel exists. Leverages Anand et al. (2018);
Sozeau et al. (2020) on the source side.

(4) Non-foundational empirical scope. The empirical of Section 9 is the foundational slice
(natural numbers, finite sequences, propositional logic). Native-path re-runner constructor coverage
is currently concentrated on the trivial pure case. Extending the corpus to an algebraic slice
(groups, rings, fields) or an analysis slice (special functions, calculus) would exercise the substrate’s
delta-step, iota-step, decide-step, and congruence-step constructors and produce a second-
order agreement table with non-trivial distribution. Estimated effort: small (re-runs of the existing
extractor against a different module root).

(5) Smart-contract proof binding. The substrate’s emit layer already lowers a target subset to
Solidity-compatible Yul (Kumar et al., 2014; Leroy, 2009). Extending the bridge to certify that an
EVM bytecode is the operational image of a kernel-checked theorem closes a loop between formally
verified mathematics and on-chain execution that no other system currently closes end-to-end.
Estimated effort: moderate; leverages the substrate’s existing artifact lowering and a small extension
to the trust ledger.

(6) Physical-binding extensions. The substrate’s hardware-router decision is currently informed
by performance witnesses. A natural extension binds the decision to a physical-unclonable-function
reading on the executing device, so that a substrate derivation carries a hardware-bound provenance
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receipt. Estimated effort: moderate; leverages the existing hardware-router authority chain and the
PUF infrastructure available in the broader project.

12 Formalization and Reproducibility

We want any reader to be able to verify what we claim. This section names what was proved, in
what form, and how to access it.

What was proved. All theorems stated in this paper are mechanically checked in Lean 4
with no added sorry, admit, or axiom declarations; only the kernel-trusted axioms (propext,
Classical.choice, Quot.sound) are used.

At a glance.

Proof dependency structure.

Item

Count

Lean source files

Lines of Lean (non-blank, non-comment)
Theorems

Lemmas

Definitions (def, abbrev)

Structures / classes / inductives
Instances

Total named declarations

12
3355
132

139
45

316

Added axiom declarations
sorry or admit occurrences

0
0

Mathlib commit

£897ebcf72cd

Figure 9 shows the dependencies among the named results of

this paper. The forward lift, backward reflection, and totality theorems factor over a layered base:
leaf-typing, sort-typing, WHNF, DefEq, and composition primitives discharge first; the seventeen
composite rows discharge against the primitives; the derived rows discharge against the composites;
the ArbitraryLoFInternalSemanticBridge package consumes the inventory’s positive-totality witness
to expose the support-free lift.

‘‘‘‘‘‘‘‘‘‘‘

Figure 9: Theorem-level dependency graph for the named results of this paper.
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13 Realization

The results above are proved in Lean 4. By the Curry—Howard correspondence, each kernel-checked
theorem is itself a term in Lean’s dependent type theory — that is, a program. Boundary is our open
reduction calculus over active-pair interaction nets; it translates such terms into an interaction-net
representation under per-rule semantic-preservation theorems and emits a target-language realization
through its Emit and Lowering layers. Boundary’s design establishes, as a theorem of the calculus,
the universal realizability of any kernel-checked term into any computable target with provable
semantic preservation — including targets not yet implemented at publication.

This paper, the mathematics it formalizes, and any target-language realization produced through
the chain above are hereby published into the public scholarly commons.
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