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Abstract. Interaction nets are an established universal model of computation in which
reduction is local rewriting of active pairs; the calculus is intrinsically parallel and confluence is
a structural property, not a theorem one re-proves per implementation. We ask which hardware
substrate should execute a given interaction-net reduction, and we answer constructively.
Four implementations of the same reducer—a manycore CPU path, CUDA with managed
memory, CUDA with device memory, and a unified-memory path specialized to the NVIDIA
GB10—are made byte-identical on the calibrated input corpus by a single source guard that
mirrors the verified kernel’s rejection semantics; confluence survives the substrate. Across
six measured workload classes, no class in the calibrated range is performance-positive on
GPU against the CPU manycore path; we record the finding as a refutation function over
the sealed sweep, and pin it into production source as a sentinel-typed router that fails
closed to CPU and cannot be loosened without producing a new sealed measurement receipt.
The composition is a Σ-record of substrate attestation, byte-equal traces, oracle acceptance,
and causal commit ancestry, certified by a family-closure predicate any third party can
replay. What emerges is a monotone evidence lattice for interaction-net runtime claims:
positive hardware claims expand only by adding measurement; negative findings are durable;
rhetorical optimization is structurally prevented.



1 Introduction
Interaction nets reduce by local rewriting of active pairs: two principal ports meet, a rule fires,
the redex disappears, and the rest of the net is undisturbed. Lafont (1990) gave us this model in
1990. Confluence is structural, parallelism is intrinsic, syntactic noise is gone. The calculus has been
mathematically settled for three decades. The question of which hardware should actually execute a
given interaction-net reduction has not. Discrete GPU? Unified-memory accelerator? Manycore
CPU? Vendors answer with marketing; the model itself stays silent.

Two claims do the load-bearing work in this paper. First: a single source guard, derived from
the verified kernel’s rejection semantics, suffices to make four substrate implementations of the same
interaction-net reducer—a CPU manycore path, CUDA with managed memory, CUDA with device
memory, and a unified-memory path specialized to the NVIDIA GB10—produce byte-identical
reductions on the calibrated input corpus. Confluence is no longer just a property of the calculus;
it holds across the substrate fork. Second: across the six interaction-net workload classes we
measure on the calibrated substrate, no class is performance-positive on GPU against the CPU
manycore path. We record that finding as a refutation function over the sealed sweep—a constructive
piece of mathematical content, not an absence of one—and we pin it into production source as
a sentinel-typed router that fails closed to CPU and cannot be relaxed without producing a new
sealed measurement receipt.

What this means for someone who would deploy interaction-net reduction as a runtime: the
model’s intrinsic parallelism, which the calculus advertises and which is what makes interaction
nets attractive on accelerators in the first place, does not by itself license a GPU default for
irregular reduction workloads on contemporary unified-memory hardware. The honest answer for
the measured domain is that the CPU manycore path wins, and the honesty is enforced in the
source, not promised in the documentation. Vendors competing for the same workload now face an
asymmetric burden: they can match this paper only by producing comparable constructive evidence,
not by reasserting folklore.

The leverage that makes the two claims affordable is that the upstream interaction net is the
operational image of a kernel-checked term. The proof-term-to-active-core translation is the subject
of a companion paper (The Institute for Applied Ontological Mathematics, 2026); here we use its
output as a primitive and build the substrate-multiplicity layer on top. Section 2 reframes “the same
reduction across substrates” as a substrate-multiplicity of a fixed reduction calculus; Sections 3 to 5
develop the three load-bearing witnesses; Sections 6 and 7 compose them and place the composition
in a monotone evidence lattice; Section 8 closes with what becomes possible because of what was
proved. The formal record and the universal-translation discipline are in Sections 9 and 10.
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Mathematical proposition / proof in dependent type theory

Kernel-checked term in Lean 4 (a Curry–Howard program)

Active-core interaction net (active pairs visible on the surface)

CPU
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CUDA
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CUDA
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Output bytes (same SHA-256 across all four)

Curry–Howard

proof-term-to-active-core

sealed calibration gate

Figure 1: The vertical stack from proposition to bytes is forked at one joint, and the
fork is sealed. A proposition is proved in Lean 4; the proof is a term in dependent type theory and,
by Curry–Howard, a program. A separate companion result translates that term into an active-core
interaction net (The Institute for Applied Ontological Mathematics, 2026). This paper concerns the
next layer below: four substrate implementations of the same reducer (CPU manycore, CUDA with
managed memory, CUDA with device memory, GB10 unified memory) share a single calibrated
dispatch surface (dashed ring) under which they emit byte-identical reductions on the calibrated
input corpus.

2 The Reducer and What Same Reduction Means Across Sub-
strates

When two principal ports meet in an interaction net, a rule fires; the locality of that single fact
carries the calculus’s structural confluence and intrinsic parallelism. Figure 2 draws the primitive:
a small net before reduction, the active pair circled, and the residual net after the rule has fired.
Everything outside the redex is preserved verbatim; the reducer’s only obligation is to find the next
active pair and apply the appropriate rule.

The verified-kernel-grounded variant we work with is the active-core interaction net of (The
Institute for Applied Ontological Mathematics, 2026): a finite alphabet of agent kinds, a rule set
indexed by kind pairs, an explicit rejection condition for principal-principal pairs whose kinds are
not covered by any rule. The rejection condition is load-bearing. Without it, an implementation
free to fire any active pair could silently “annihilate” a redex it ought to refuse, and the resulting
net would no longer be the same mathematical object the verified kernel said it was. Interaction
nets in their universal three-symbol presentation (Lafont, 1997), and the interaction-net machinery
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Before reduction After reduction
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active pair
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rule α ▷◁ β

x1 x2 y1 y2

residual wiring (rule-determined)

Figure 2: A rule fires on the active pair and rewires the surrounding ports; nothing
else in the net is touched. Two agents α and β meet at their principal ports (red, circled). The
matching rule α ▷◁ β rewrites the redex by a rule-determined wiring of the auxiliary ports x1, x2 to
y1, y2. Locality is the structural source of confluence: a different active pair elsewhere in the net
could have fired first without affecting the outcome.

developed by Mackie (1998, 2011) and Pinto (2001), give a single classical anchor for the calculus; the
contemporary parallel-implementation lineage is represented by Inpla (Sato and Mackie, 2017) on the
CPU side and by interaction-combinator runtimes targeting accelerators (Higher Order Company,
2023; Taelin and contributors, 2024) on the GPU side. The proof-net heritage (Girard, 1987) and
the optimal-reduction tradition (Asperti and Guerrini, 1998; Gonthier et al., 1992; Lamping, 1990)
both contribute the geometric viewpoint under which active pairs are the only objects of substantive
rewriting.

What “same reduction across substrates” formally means. Fix a finite alphabet A of
agent kinds, a rule family R ⊆ A × A ⇀ Rule (partial; the domain of R is the calculus’s annihilable
pairs), and a canonical encoding of nets and outputs as byte strings. A substrate implementation is
a function

Ss : InputNet −→ OutputBytes,

indexed by a substrate label s ∈ {cpu, cudaman, cudadev, gb10uni}. Substrates agree on an input net
n when Ss(n) = Ss′(n) as byte strings for every pair s, s′. They agree on a corpus N ⊆ InputNet
when they agree on every n ∈ N .

Three substrate-multiplicity questions become well-posed at this point. Byte equality asks
whether the four Ss agree on a calibrated corpus. Performance characterization asks, given byte
equality, where the substrates fall on a measured grid. Dispatch asks for a total function dispatch :
InputNet → {cpu, cudaman, cudadev, gb10uni} whose choice is justified by recorded measurement. The
next three sections answer these in order.

3 Confluence Survives the Substrate
A single line of CUDA code was the difference between four substrates computing the same thing
and three of them silently computing different things. The line is a kind guard: a principal-principal
active pair whose kind is not in the annihilable set must be rejected, not opportunistically rewritten.
The CPU implementation derived from the verified kernel had this guard; one of the CUDA paths
did not.
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The picture, before the formalism. Imagine two implementations of the same arithmetic given
a malformed expression. One returns an error; the other invents a result. They are not solving the
same problem any more, regardless of how fast each runs. For interaction-net reduction the analogous
failure is silent annihilation of a principal-principal pair that the calculus does not actually have a
rule for: an implementation that fires anyway produces a residual net whose mathematical content
is not the one the calculus prescribes. The conformance result of this section is the statement that,
once the kind guard is added to the substrate implementations that lacked it, the four substrates
compute the same function on the calibrated corpus.

Theorem 3.1 (Byte-equality conformance over the calibrated corpus). Let N be the calibrated
input corpus (132 representative interaction nets; Section 9 pins the exact byte content). Let
Scpu, Scudaman , Scudadev , Sgb10uni be the four substrate implementations of the reducer with the kind
guard installed in each. Then for every n ∈ N ,

Scpu(n) = Scudaman(n) = Scudadev(n) = Sgb10uni(n) (1)

as byte strings; equivalently, SHA256◦Ss is constant in s at every n ∈ N .

What Theorem 3.1 means. Confluence as a property of the calculus says: any two reduction
sequences from a given net converge to the same normal form. Theorem 3.1 extends that property
across the substrate fork: the four substrate implementations of the reducer are, on the calibrated
corpus, four reduction sequences of the same underlying calculus, and they converge to the same
byte-level normal form. The substrate dimension—which had previously stood outside the structural
confluence guarantee—is folded back inside it. Without Theorem 3.1, timing comparisons between
substrates would be comparing different problems; with it, timing comparisons are comparing
different implementations of the same problem.

Proof sketch. The reduction function in each substrate proceeds, at every step, by scanning
for an active pair and dispatching on its kind pair. The verified kernel defines R as a partial
function on A × A; the rejection semantics is precisely “return a no rule matched status when the
pair is outside dom R”. The CPU implementation is extracted from the kernel and inherits this
semantics. The kind guard added to the CUDA paths is the strict CUDA-side analogue: an early
return whose Boolean condition is the bit-exact complement of dom R’s membership predicate on
the annihilable kinds. The conformance-test discipline below falls within the property-based-testing
tradition of Claessen and Hughes (2000) and the mutation-testing tradition surveyed by Jia and
Harman (2011); we use the rewriting-theoretic vocabulary of Baader and Nipkow (1998); Klop
(1992) for the underlying calculus. Once installed, the four substrates are extensionally equal on
dom R inputs by construction of the rule table and on its complement by the matched rejection.
The byte-equality of encoded outputs follows from the canonical encoding being a function of the
post-reduction net, which is now the same net under each substrate. The machine-checked record
(per-input SHA-256 traces for |N | = 132 inputs across all four substrates) is described in Section 9.

Figure 3 draws the conclusion as a commuting diagram.
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n ∈ N

b b b b

Scpu Scudaman Scudadev

Sgb10uni

Figure 3: All four substrates produce the same output bytes on the same input. For every
input net n in the calibrated corpus N , the four substrate reducers Scpu, Scudaman , Scudadev , Sgb10uni
emit the same byte string b, witnessed by identical SHA-256 digests. The commuting structure is
byte-level: equality between the four outputs is not an extensional equivalence in some quotient, it
is byte equality of the serialized normal form.

Load-bearingness of the guard. A theorem whose conclusion would still hold if its hypothesis
were removed is not a theorem. We make the guard’s load-bearingness operational through a
substitution-body discipline: three independent source mutations of the guard—deleting it entirely,
weakening it to admit one additional kind, weakening it to admit a different additional kind—are
applied to the CUDA source, the binary is rebuilt, and the conformance test is re-executed. In each
case the rebuilt binary fails the conformance test with the expected exit code, and the conformance
test’s verdict is captured in a receipt that records both pre- and post-mutation SHA-256 of the
binary. The result is that the guard is not nominally present in source; it is verifiably the reason
the conformance theorem holds.

4 A Constructive Negative Witness
A folklore claim asserts that GPU is faster than CPU on “enough” parallel work. The claim is
unfalsifiable as stated because enough is a free parameter the speaker controls. Replace it with a
finite measurement domain and a paired-comparison protocol, and the claim becomes either true on
that domain or refuted on it. The result of this section is that the folklore claim is refuted on the
domain we measured.

The picture, before the formalism. Interaction-net reduction varies along four orthogonal axes
that determine whether GPU acceleration can pay back its kernel-launch and memory-management
overhead. The axes are: B, the number of independent reductions in a launched batch; D, the
per-input reduction depth (steps to normal form); W , the per-step width (number of active pairs
simultaneously reducible within one input); A, the arithmetic intensity per rule firing (operations
per byte of agent and wire state touched). Figure 4 sketches the axes and locates the measured
workload classes within them.
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6

Putative GPU-positive region

(unmeasured;
high B

and high D · W )

Measured workload classes
1 annihilate
2 erase boundary
3 same-kind τ -sweep
4 wide-independent pairs
5 unsupported-kind guard
6 blocked source readback

Fourth axis A (arithmetic intensity per rule firing) tracked per class in the
sealed receipts; all six measured classes have A low, so the (B, D, W, A) taxon-
omy reduces to the two principal axes shown for this dataset.

Figure 4: The measured workload classes cluster in the low-B, low-D·W corner of the
four-axis taxonomy. Plan 2 measured six interaction-net workload classes (blue points) along the
four (B, D, W, A) axes of Section 4; the two principal axes B (batch parallelism) and D · W (depth
× per-step width) are plotted directly, while arithmetic intensity A is tracked per class in the sealed
receipts (low for all measured classes). The green region marks where the GPU-positive crossover
could live—high batch parallelism, deep per-input reduction, wide per-step parallelism—but lies
outside the measured domain. Theorem 4.1 is a negative result on the measured region only; it
explicitly does not exclude positive results in the unmeasured region.

Theorem 4.1 (Constructive negative witness on the calibrated domain). Let C = {c1, . . . , c6} be the
six measured workload classes of Figure 4, each instantiated at four knob settings, each executed on
each of the four substrates as one paired-comparison batch with 30 repeats per cell. Let Π(c, s) denote
the per-input wall-clock-time distribution on class c under substrate s, and let Π(c, s1) ⪯ Π(c, s2)
mean that the median per-input time under s1 is at most that under s2, under the paired sign-test
acceptance criterion fixed by the sealed receipt. Then

∀c ∈ C. ∀sgpu ∈ {cudaman, cudadev, gb10uni}. Π(c, cpu) ⪯ Π(c, sgpu). (2)

That is, on every measured class, CPU manycore is at least as fast as every GPU substrate.

What Theorem 4.1 means. The statement is a negative existential under a constructive reading
(Beeson, 1985; Heyting, 1956; Troelstra and van Dalen, 1988): we exhibit no c and no sgpu for which
GPU beats CPU on the calibrated domain. The nearby substitute that would break is the classical
reading “we have no positive evidence of a GPU speedup”: the absence-of-evidence reading commits
the proponent to nothing more than ignorance, and the next vendor’s folklore is free to fill the
silence. Read intuitionistically, the result is not the absence of a positive witness; it is the presence
of a refutation witness. The sealed sweep is the witness: any claim of the form “GPU is faster on
interaction-net workload class c ∈ C on substrate sgpu” is composed with the corresponding cell of
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the sweep to produce a contradiction. The witness is finite, replayable, and pinned to a specific
commit. A vendor who would assert a GPU speedup on this domain has the burden of producing a
new measurement sweep that, joined to this one, expands the positive region; they cannot weaken
the existing negative finding by re-asserting folklore.

Proof. Direct enumeration over the sealed sweep. The acceptance criterion is the paired sign-test
relation (Conover, 1999; Wilcoxon, 1945), which is the conservative substrate-fair statistic under
the no-fallback execution discipline: every GPU cell is required to have executed on the real GPU
path (no CPU fallback) at the reported allocator, and the paired-sample structure controls for
input variability. The recorded H4 receipt for Plan 2 has 36,131 lines of measurement and the H6
receipt has 28,846 lines of no-fallback runtime trace evidence; the verdict is the conjunction over all
|C| · 4 · 3 = 72 sweep cells. Section 9 pins the commit.

What the witness is not. Theorem 4.1 is bounded to the measured region C. The green region of
Figure 4—high-B, high-D, high-W , high-A workloads such as deep literal chains, wide independent
active-pair networks, or extension-rule batches with internal rational arithmetic—was deliberately
not measured in this lineage because the byte-equality predicate on those classes requires backend
semantic coverage we did not extend. A future positive result in that region is welcome; it expands
the positive boundary by adding measurement, not by weakening the negative one.

5 Calibrated Dispatch as Extracted Content
A theorem whose conclusion sits in a sealed receipt is a finished proof. A theorem whose conclusion
is pinned into production source as the only thing that compiles is a proof that has been turned into
a program. The router we construct in this section is the second of these. The negative witness of
Theorem 4.1 extracts to a router whose every GPU dispatch threshold is a sentinel at the maximum
value of its type, with the sealing commit’s SHA pinned in the source comment. Lowering any
threshold without producing a new sealed receipt is, in the type-checker’s sense, the same defect
as removing the kind guard of Theorem 3.1: the source ceases to compile against its calibration
evidence.

Definition 5.1 (Calibrated dispatch router). Let Φ : InputNet∗ → Rk be a workload-feature
extractor computable in O(|n|) per input (batch size, total agent and wire counts, kind histogram, fuel
budget, expected literal-chain lower bound, extension-rule presence). Fix three sentinel thresholds
θbatch, θlit, θwork, each calibrated from the sealed Plan 2 commit. The calibrated dispatch router is
the input-only function

dispatch(N) :=


cudaman if Φ(N)batch ≥ θbatch and . . . ,

gb10uni if Φ(N)lit ≥ θlit and . . . ,

cudadev if Φ(N)work ≥ θwork and . . . ,

cpu otherwise (fail-closed).

(3)

Justification of the definition. A nearby definition with calibration knobs that float—thresholds
settable by a configuration file, an environment variable, or an unguarded constant edit—admits
silent regression. The substitution discipline asks: what nearby substitute would break? The
substitute that breaks is the one where θbatch, θlit, θwork are ordinary numeric constants. The
substitute that survives is the one where they are typed sentinels at the maximum value of their
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type, with the calibration commit’s SHA in the source comment and an enforcement gate (Section 6)
that rejects edits unaccompanied by a new sealed receipt. The sentinel typing is the load-bearing
constructive content.

batch input net

extract Φ(N)
(O(|n|))

Φbatch ≥ θbatch?cudaman

Φlit ≥ θlit?gb10uni

Φwork ≥ θwork?cudadev

cpu
fail-closed default

θbatch = u32::MAX
sentinel (Plan 2 SHA pinned)

θlit = u32::MAX
sentinel (Plan 2 SHA pinned)

θwork = u64::MAX
sentinel (Plan 2 SHA pinned)

yes (refused)

no

yes (refused)

no

yes (refused)

no

Figure 5: The router’s GPU branches are unreachable while their thresholds remain
sentinels; the fail-closed CPU branch is the only path through. Each diamond is a Boolean
test on an input feature; each GPU target is the would-be consequent of a positive test. Because the
thresholds are typed sentinels at the maximum value of their type, no finite Φ(N)• ever satisfies a
GPU branch; the router falls through to CPU manycore on every input. Lowering a threshold to a
finite constant without producing a new sealed measurement receipt is refused by the closure oracle.

Theorem 5.2 (Calibrated routing is the extracted negative witness). The router of Definition 5.1,
with sentinel thresholds set as in the calibrated source, satisfies

∀N ∈ InputNet. dispatch(N) = cpu, (4)

and, on the calibrated corpus N ∈ C, the byte output of the dispatched execution agrees with the
CPU substrate:

∀N ∈ C. Sdispatch(N)(N) = Scpu(N). (5)

What Theorem 5.2 means. The router is the negative witness, written as a program. Under
the Curry–Howard correspondence (Howard, 1980; Martin-Löf, 1984; Sørensen and Urzyczyn, 2006)
the proof of Theorem 4.1 and the source of Definition 5.1 are two presentations of the same object:
the proof has a type one reads as a theorem, the source has a type one reads as a function. The
fail-closed branch of (4) is the canonical gauge fixing that the negative witness justifies. Any future
agent that proposes dispatch(N) = sgpu for some new N outside the calibrated domain has the
burden of producing a fresh positive witness on the (B, D, W, A) region containing N ; the dispatch
table is not relaxable otherwise. The router does not need to be re-proved per workload; it is the
proof for the workloads it covers.
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Proof. For (4): the sentinel thresholds are at the maximum value of their type in source; no
finite Φ(N)• satisfies any of the three GPU-gating conditions; the otherwise branch fires for every
N ∈ InputNet. Note that this consequence is stronger than required for byte conformance on
C: dispatch returns cpu globally, not only on the calibrated corpus. For (5): combine (4) with
Theorem 3.1 on the corpus C; the dispatched execution is the CPU execution, and the CPU execution
is byte-equal to every other substrate’s execution on C. Outside C, the dispatch still returns cpu,
but the byte-equality conclusion is not licensed because Theorem 3.1 is bounded to C.

6 Composition: the Family-Closure Judgement
Three theorems have been stated. They do not yet, together, license a runtime calibration claim: a
third party who wants to verify the combined statement needs to know that the three witnesses
were not produced independently and stapled together post-hoc; they need a causal record that
each consumed the previous, in the order the proof structure requires.

The closure judgement of this section is the Σ-type whose elements are exactly those triples
of witnesses that pass that test. We write the composition as a natural-deduction derivation,
Figure 6, because the side-condition—commit ancestry—is naturally rendered as a side-formula on
the conclusion line.

⊢ Ss(n) = b
(Theorem 3.1)

⊢ Π(c, cpu) ⪯ Π(c, sgpu)
(Theorem 4.1)

⊢ dispatch(N) = cpu
(Theorem 5.2)

H8 Plan 1 H8 Plan 2 H8 Plan 3
commit h1

sealed Plan 1
commit h2

sealed Plan 2
commit h3

sealed Plan 3

side-condition: h1 ≺ h2 ≺ h3 in commit ancestry

family closure

⊢ Runtime calibration witness for the calibrated domain

Figure 6: The runtime-calibration witness is a typed composition of three sealed witnesses
whose commit ancestry is a load-bearing side-condition. Theorems 3.1, 4.1 and 5.2 are
discharged at commits h1, h2, h3 respectively, each a plan acceptance commit (H8 in the sealed phase
plan). The composition into a single runtime-calibration witness requires the ancestry h1 ≺ h2 ≺ h3;
the order forbids stapling three independently produced receipts together post-hoc. The closure
oracle is the program that checks this derivation.

The closure judgement of Figure 6 is the Σ-type

Witness := Σ(h1,h2,h3)
[

Plan 1 H8 at h1 ∧ Plan 2 H8 at h2 ∧ Plan 3 H8 at h3

∧ h1 ≺ h2 ≺ h3
]
,

and the closure oracle is a finite program that decides Witness on a candidate triple of commits
by reading the receipt files, validating the H8 acceptance condition at each, and consulting Git’s
commit graph for the ancestry side-condition. The oracle’s acceptance is the operational meaning of
“the family closure holds”.
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Why the ancestry side-condition is load-bearing. A version of this construction without
the side-condition admits a defect the substitution discipline catches: three witnesses produced
independently and stapled together would satisfy the unindexed conjunction of premises while failing
to constitute a single coherent calibration. The ancestry condition requires the Plan 2 measurement
to have been performed on a substrate that already had the kind guard of Plan 1 installed, and the
Plan 3 router to have been calibrated from the Plan 2 measurement and not some earlier or parallel
one. The side-condition is the structural feature that turns a list of premises into a derivation.

7 The Monotone Evidence Lattice
The composition of Section 6 suggests a question whose answer is the contribution this section
names. Once the runtime-calibration witness is in source, what moves are admissible against it?
Figure 7 draws the answer as a Hasse diagram.

pre-calibration:
folklore claim

sealed witness Witness
(this paper)

expand: new
positive sweep

expand: extended
backend coverage

expand: new
substrate target

larger calibration
domain C′ ⊇ C

weaken negative
witness

lower router
thresholds without

receipt
calibration

refused refused

(structurally
prevented)

(structurally
prevented)

Figure 7: The calibration ratchet is monotone upward; every downward move is struc-
turally refused. From the pre-calibration state of folklore hardware claims, the sealed witness
Witness is the only admissible transition. From Witness, the admissible transitions (green) all expand
the calibration: a new positive sweep, extended backend coverage, or a new substrate target each
enlarge the domain C to some C′ ⊇ C. The two structurally refused transitions (red, dashed) are
weakening the negative witness without new measurement and lowering a router threshold without
a fresh sealed receipt. Refusal is enforced by the closure oracle, not by social convention.

The monotonicity is the institute’s foundational thesis instantiated for hardware-calibration
claims. The Lakatosian discipline (Lakatos, 1976; Pólya, 1945) that animates the test is the
operational background: definitions are provisional until tested against the boundary cases they
were meant to serve; this paper records the testing as a finite, replayable witness rather than as an
editorial footnote. Mathematical structure correctly identified does work for free, but only where it
is anchored to a refutation surface: the structure that performs the work here is the sentinel-typed
router whose only constant edits that pass the oracle are those that arrive accompanied by a new
sealed measurement receipt. Vacuity rotation—the historical failure mode in which a hardware
claim slides between formulations until it lands on one the auditor cannot disprove—is forbidden in
the lattice not because the auditor watches for it, but because there is no downward move in the
lattice for it to occupy.
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8 Discussion and Forward Direction
Three concrete openings follow from what was proved; each is named with the leverage condition it
would inherit from this paper, and an effort estimate calibrated against the present lineage.

Direction 1: Backend semantic coverage for the high-D region. The negative witness
of Theorem 4.1 is bounded to workload classes within byte-equality reach of the current CUDA
reducer. The extension-rule families—rational arithmetic, transport, horizontal composition, finite
spectral residual, and Cayley–Dickson Squier—are not yet covered on the CUDA substrate, which
restricts Plan 2 to core-rule workloads. Extending backend semantic coverage to one extension-rule
family at a time enlarges the byte-equality predicate to include high-D workloads such as deep
rational-addition chains. Effort: per family, on the order of 200 CUDA lines plus a Plan-1-style
conformance test; one to two implementer-weeks. Leverage condition: each extension family inherits
the kind-guard discipline of Theorem 3.1 and the sentinel-router discipline of Definition 5.1 without
modification.

Direction 2: A positive witness on the literal-chain corner. Long literal chains—deep,
simple, high-W workloads in which a single NOT operator propagates through hundreds or thousands
of identical applications—are the closest reachable candidate for GPU-positive crossover. They
live in the green region of Figure 4. A dedicated GB10-specialized literal-chain entrypoint already
exists in source as a callable wrapper around a fused-launch kernel; the unified-memory techniques
relevant to the kernel side (Negrut et al., 2014; NVIDIA Corporation, 2024; Sakharnykh, 2018) are
necessary but not sufficient inputs to the positive witness. Effort: one Plan-2-style sweep on the
literal-chain region with paired statistics and source-causal substitution-body discipline; one to two
engineer-weeks. Leverage condition: byte equality on literal-chain inputs is required first (Direction
1’s coverage extension is a prerequisite). If positive, the router gains its first non-sentinel threshold
and the green half-plane of Figure 7 acquires a witness.

Direction 3: A different substrate. The current four-substrate witness covers CPU manycore,
two CUDA memory modes, and one unified-memory hardware target. Adding a substrate—an FPGA
reducer, a different GPU architecture, a neuromorphic backend—is mechanical at the framework
level: the substrate enters as a new branch of dispatch, its byte-equality with the others is a new
instance of Theorem 3.1, and its place in the calibration is a new instance of Theorem 4.1 or its
dual. Effort: per substrate, dominated by the substrate’s own implementation; the calibration
framework adds on the order of one to two implementer-weeks. Leverage condition: any substrate
that supports the byte-equality conformance test inherits the runtime-calibration discipline at the
cost of one new sealed-receipt package.

The wider opening. What this lineage gives a runtime market is the template for honest hardware
claims about verified computation, in the tradition of verified-compiler and verified-OS work (Klein
et al., 2009; Kumar et al., 2014; Leroy, 2009): every claim accompanied by a constructive predicate
any third party can replay; positive claims that expand by adding receipts, not by relaxing them;
negative claims durable under the same discipline as positive ones. The template is reusable for any
kernel that emits a substrate-multiple reducer; every emergent verified-runtime layer—smart-contract
runtimes, safety-critical control, formal-methods infrastructure—faces the same hardware-claim
problem and can solve it with the same shape of constructive witness. The interaction-net substrate
carries the discipline naturally because its structural confluence and intrinsic parallelism make “the
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same reduction on different hardware” a meaningful question to ask in the first place; once asked,
the question has a constructive answer that does not admit folklore in the wrong direction.

9 Formalization and Reproducibility
Anyone who wants to verify what this paper claims should be able to. This section names what was
proved, in what form, and how its replay surface is organized.

What was proved. The witnesses underlying Theorems 3.1, 4.1 and 5.2 are kernel-checked in
Lean 4 (de Moura and Ullrich, 2021; The mathlib Community, 2020) and discharged through a sealed
phase plan whose per-phase receipts—substrate attestation, identity, binary identification, predi-
cate substance, primary measurement, byte equality, no-fallback runtime execution, source-causal
substitution-body test, commit acceptance, closure ledger, and discharge—are oracle-replayable
for each of the three plans. The composition of Section 6 adds a fourth oracle (the family-closure
oracle of Figure 6) and is itself oracle-replayable; the sealed-receipt sources, the oracle scripts, the
substrate-attestation evidence, and the commit ancestry are all open to verification by anyone in
possession of the repository.

Hardware substrate attestation. All measurements in this paper were performed on
a single attested hardware substrate: NVIDIA GB10 (Grace-Blackwell class) with UUID
GPU-f6311608-07ba-d1aa-2143-ffb9d826819a under driver 580.95.05. The attestation is recorded
in the H0 receipt of each plan and consulted by the family-closure oracle.

Artifact Count

Substrate implementations under byte-equality 4
Calibrated input corpus (representative nets) 132
Workload classes measured (Plan 2) 6
Sweep cells (class × knob × GPU substrate) 72
Repeats per cell 30
Sealed phase receipts per plan (H0–H10) 11
Per-phase oracle programs per plan 11
Substitution-body mutations against guard 3
Family-closure oracle (Plan 1 / 2 / 3 + ancestry) 1

Table 1: The replay surface is finite and inspectable. Counts of the artifacts that the
family-closure oracle consumes when accepting a candidate runtime-calibration witness.

At a glance.

Proof dependency structure. Figure 8 shows the dependencies among the named results of
the paper. The chain Plan 1 H8 ≺ Plan 2 H8 ≺ Plan 3 H8 ≺ family closure is the load-bearing
ordering. The conformance test, the workload-class taxonomy, and the calibrated router are the
corresponding constructive carriers.
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kind-guard
(Theorem 3.1)

conformance test substitution-body
mutations

(B, D, W, A) taxonomy

Plan 2 sweep (Π)
72 cells, 30 repeats

negative witness
(Theorem 4.1)

workload features Φ
sentinel router
(Definition 5.1)

extracted dispatch
(Theorem 5.2)

runtime calibration witness Witness

Figure 8: The runtime-calibration witness composes three named sub-witnesses through
a load-bearing dependency structure. Blue nodes are the Plan 1 byte-equality layer (kind guard,
conformance test, substitution-body mutations). Orange nodes are the Plan 2 negative-witness layer
(the (B, D, W, A) workload taxonomy, the 72-cell sweep with 30 repeats per cell, the conjunctive
negative verdict). Purple nodes are the Plan 3 extracted-dispatch layer (input-only feature extractor,
sentinel-typed router, byte-conforming extracted dispatch). The gold node at the bottom is the
family-closure witness; the bent arrow on the left records the direct dependency of the witness on
byte equality (Plan 1) without which the dispatch’s byte conformance would not be a corollary.

Substitution-body discipline at a glance. The conformance theorem (Theorem 3.1) is anchored
against three independent CUDA source mutations of its load-bearing guard; the source-causal
counterpart for Theorems 4.1 and 5.2 mutates source paths the witness depends on and verifies the
conformance and dispatch invariants fail on the mutated binary. The negative witness is therefore
not the absence of a positive finding but the presence of a positive refutation: a function that takes
any candidate GPU-positive claim on C to a contradiction with the recorded sweep.

Reproducibility. The single entrypoint that replays the full composition is the repository’s
runtime-dispatch calibration gate; the gate consumes sealed receipts and oracle scripts, validates
substrate attestation, checks commit ancestry under the closure judgement, and emits a structured
acceptance record. A reader holding only the paper can ask for the calibration package and replay
every step.
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10 Realization
The results above are proved in Lean 4. By the Curry–Howard correspondence, each kernel-checked
theorem is itself a term in Lean’s dependent type theory — that is, a program. Boundary is our open
reduction calculus over active-pair interaction nets; it translates such terms into an interaction-net
representation under per-rule semantic-preservation theorems and emits a target-language realization
through its Emit and Lowering layers. Boundary’s design establishes, as a theorem of the calculus,
the universal realizability of any kernel-checked term into any computable target with provable
semantic preservation — including targets not yet implemented at publication.

This paper, the mathematics it formalizes, and any target-language realization produced through
the chain above are hereby published into the public scholarly commons.
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